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Abstract 

In this paper, we study biconservative hypersurfaces in the four dimen¬ 
sional Minkowski space Ef. We give the complete explicit classification of 
biconservative hypersurfaces with diagonalizable shape operator in Ef. 
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1 Introduction 

Recall that a biharmonic map 4> : ( M n ,g) —y (7V m , (,)) between Ricmannian 
manifolds is a critical point of the bienergy functional 

e 2 (d) = \ [ \T{<j))\ 2 v g , 
z JM 

where r(d) = traceVd</> is the tension field of </>. For a biharmonic map, the 
bitension field satisfies the following associated Euler-Lagrange equation 

72 (d) = -Ar(d) — trac eR N (deft, t((/))) d(j) = 0, 

where R N is the curvature tensor of N. 

If the isometric immersion <j> is a biharmonic map, then M n is called a 
biharmonic submanifold of N m . In last years, the research on biharmonic maps 
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and biharmonic submanifolds is quite active, cf. [1-5, 9-12, 16-18, 24-26]. In 
particular, there is a long standing biharmonic conjecture, posed by B. Y. Chen 
in 1991, that every biharmonic submanifolds in a Euclidean space is minimal. 
The conjecture is still open so far, see Chen’s book 0 for recent progress. 

For an isometric immersion <j ), the stress-energy tensor for the bienergy is 
defined as (see 0) 

S 2 (X,Y) = i|r(^)| 2 (X,Y) + (<#, Vt(c/>)){X,Y) 

-<#(*), Vyr(0)> - (#(F),Vxr(0)), 


which satisfies 


divS2 = -T 2 {(f) T ■ (1) 

An immersion (or a submanifold) is called biconservative if divS^ = 0 (see [HI 
for details). 

Note that, for an isometric immersion <f>, the formula © means that the 
condition div^ = 0 is equivalent to the vanishing tangent part of the corre¬ 
sponding bitension field, i.e., T2(4>) t = 0. Hence, the notion of biconservative 
submanifolds is a natural generalization of biharmonic submanifolds. 

The study of biconservative submanifolds has recently received much atten¬ 
tion. Caddeo et al. classified biconservative surfaces in the three-dimensional 
Riemannian space forms, [6]. Hasanis and Vlachos classified biconservative 
hypersurfaces in the Euclidean spaces E 3 and E 4 in m , where the authors 
called biconservative hypersurfaces as H-hypersurfaces. Chen and Munteanu 
(TO] showed that a <5(2)-ideal biconservative hypersurface in Euclidean space 
E" is either minimal or open part of a spherical hypercylinder. By using the 
framework of equivariant differential geometry, Montaldo, Oniciuc and Ratto 
m studied SO(p + 1) x SO(q + l)-invariant and SO(p + l)-invariant bicon¬ 
servative hypersurfaces in Euclidean space. Most recently, the second author 
obtained the complete classification of biconservative hypersurfaces with three 
distinct principal curvatures in Euclidean spaces, Ell¬ 
in the case of codimension greater than one, the situation is more difficult 
without any additional assumptions just as the biharmonic case. Montaldo et 
al. [22] studied biconservative surfaces in Riemannian manifolds. In particu¬ 
lar, they gave a complete classification of biconservative surfaces with constant 
mean curvature in Euclidean 4-space. Very recently, Fetcu et al. classified bi¬ 
conservative surfaces with parallel mean curvature vector field in product spaces 
S"xM and I" x R in [13]. 

The notion of biconservative submanifolds was also considered in the context 
of pseudo-Riemannian geometry. The first author in [14] and [15] classified 
biconservative surfaces in the 3-dimensional Lorentzian space forms. 

In this paper, we focus on biconservative hypersurfaces in Minkowski space 
E 4 . For hypersurfaces in Minkowski space, the shape operator can be decom¬ 
posed into four canonical forms, see [23]. We give the complete explicit classifi¬ 
cation of biconservative hypersurfaces with diagonalizable shape operator in Ef. 
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It should be remarked that, just as the case of biharmonic submanifolds, the 
geometry of biconservative submanifolds in pseudo-Riemannian space is quite 
different from the Riemannian case. There are more examples of biconservative 
submanifolds appearing in the classification results, see Theorem[l]and Theorem 

m 

2 Prelimineries 

Let E™ denote the pseudo-Euclidean m-space with the canonical pseudo-Euclidean 
metric tensor of index t given by 

t m 

9 = ( , ) = - dx i + dx2 r 
i=l j=t +1 

We put 

ST _ 1 (r 2 ) = {xeE?:(x,x)=r~ 2 }, 

H T-i\-r 2 ) = {x€E?:(x,x) = ~r~ 2 }. 

Consider an oriented hypersurface M of the Minkowski space E” +1 with the 
unit normal vector field N associated with the orientation. We denote Levi- 
Civita connections of E” +1 and M by V and V, respectively and let stand 
for the normal connection of M. Then, the Gauss and Weingarten formulas are 
given, respectively, by 

V*Y = V x Y + h(X,Y), 

Va -N = -SX 

for all tangent vectors fields X , Y, where h and S are the second fundamen¬ 
tal form and the shape operator of M, respectively. The Gauss and Codazzi 
equations are given, respectively, by 

{R(X,Y)Z,W) = {h(Y, Z), h(X, W)) - (h(X, Z),h(Y, W)), (2) 

(V x h)(Y,Z) = (V Y h)(X,Z), (3) 

where R is the curvature tensor associated with the connection V and V/i is 
defined by 

(V x h)(Y, Z) = Vjth(Y, Z) - h(V x Y, Z) - h{Y. : V X Z). 

M is said to be biconservative if its shape operator S and mean curvature 
H = trS 1 satisfy 

nH 

S(XH)+£—XH = 0, (BC) 

where e = (N,N), i.e., 

J — 1 if M is Riemannian 

| 1 if M is Lorentzian 
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Note that the biconservative condition (IBCI) follows directly from t 2 (i?!>) t = 0 
as we described in Introduction, see [6]. 

Remark 1. The shape operator of a hypersurface with constant mean curvature 
satisfies (Eel) trivially. Therefore, throughout this work we will assume that 
V H does not vanish on M. 


3 Biconservative Hypersurfaces 

Let M be an oriented hypersurface with the diagonalizable shape operator S 
in E^. Consider an orthonormal frame field {ei,e 2 ,e 3 } of M consisting of its 
principal directions and let {0 3 , O 2 , $ 3 } be the dual base held and /ci, fc 2 , k 3 cor¬ 
responding principal directions. Then, we have k\ + k 2 + k 3 = 3 H. 

Now, assume that M is biconservative, i.e., S and H satisfy Eel for n = 3. 
Thus, we have S7H is a principal direction with the corresponding principal 
curvature proportional to H by a constant. Therefore, we may assume ei = 
X/H/\X/H\ and k 3 = Since ei is proportional to V/ci, we have 

e 2 (fci) = e 3 (fci) = 0, ei(fci) ^ 0. (4) 

In addition, similar to biconservative hypersurfaces in Euclidean spaces, con¬ 
nection forms of M satisfy 

W 12 O 1 ) = wi 2 (e 3 ) = wi 3 (ei) = wi 3 (e 2 ) = 0, (5) 

and 

w 2 3 (ei) = 0 , if k 2 ^ k 3 ( 6 ) 

(see [M (271 1. 

Let D be the two-dimensional distribution given by 

D(m) = span{e 2 | m , e 3 | m }. (7) 

Remark 2. Since (J4]) implies [e 2 , 63 ](A;i ) = 0 and ei is proportional to Vfci, we 
have ([e 2 ,e 3 ],ei) = 0 which gives [e 2 ,e 3 ] m € D(m). Therefore, D is involutive. 

First, we obtain the following lemma. 

Lemma 1. Let M be a biconservative hypersurface in E| with the diagonalizable 
shape operator. Then, its principal curvatures satisfy 

ei(k 2 ) = ei(k 3 ) = 0, z = 2,3. 

Remark 3. By combining ([5]) with Cartan’s first structural equation one can 
obtain d0\ = 0, i.e., 6 1 is closed. The Poincare Lemma implies that it is exact, 
i.e., there exists a local coordinate system ( s,t,u ) on a neighborhood of m € M 
such that 9\ = ds from which we obtain e\ = Thus, we have k\ = fci(s), 
ki = ki(s,t,u), i = 2,3. Since k[(s) ^ 0 because of 0, the inverse function 
theorem implies s = s(k\) on a neighborhood M m of m in M and we have 
ki = ki(k\,t,u). We will prove ki = ki{k\) on J\f m - 
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Remark 4. Note that, since a further computation yields 
eje"(fc 1 ) = 0, i = 2,3, neN, 

we have e™(fci) = f n (k i) /or a smooth function f n onJ\f m , where e" = eiei ... ei. 

’ v" 

n-times 

Proof. If = k 3 proof directly follows from the Codazzi equation (j3j) for X = 
e 2 , Y = e 3 , Z = e 2 and X = e 3 , Y = e 2 , Z = e 3 . Thus, will assume that 
— fc 3 does not vanish on M. We have two cases subject to being Ricmannian 
or Lorentzian of M. 

Case I. M is Riemannian. In this case, we have e 1 = — 1 and (1BC1) gives 

h = k 2 + k 3 . ( 8 ) 

The Codazzi equation ([3]) for X = e±,Y = Z = implies 

ei(fcj) = Ui(ki - kf). 

In addition, by combining © with the Gauss equation I?(ej, ei, ei, ei) = k\ki 
we have 

ei (uji) = -0% - hki, 

where we put uii = uju(ei). We apply ei 3 times to © to obtain 

ei(fei) = (fci - k 2 )w 2 + (fci - k 3 )uj 3 , (9a) 

el(ki) + 2kik 2 k 3 = (w 2 + W 3 ) ei(fei) - 2 (fci - k 2 ) - 2 (Aq - k 3 ) a$9b) 


and 


(2k 2 k 3 + k\) ei(fci) + e\{k 3 ) = 6 (Aq - fc 2 )o;| + 6 (Aq - fc 3 )u;f - 3 ei(fci)(w|u;|) 

+ (el(ki) + 2k\ (ki — k 2 ) (2 k 2 — k 3 )) lo 2 
+ (ef(ki) + 2k\ (k 3 - Aq) (k 2 - 2k 3 )) w 3 . 

(9c) 


Note that from ( 0 ) and (liial) we get 


w 3 


ei(fci) - {ki - k 2 )uj 2 
k 2 


Next, we use © and m on (l9bl) and ( 15 cl) to get 


A1LO2 + A 2 uj\ + A 3 lo 2 + A4 — 0, 
Biu>2 T B 2 u> 2 + B 3 = 0, 


( 10 ) 


( 11 ) 

( 12 ) 
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where Aj and Bj are the functions given by 

A i =6k 1 (ki - 2k 2 ) (fci - k 2 ), 

A 2 — — 3 (5fc 2 — lQk 2 k\ + 4fc 2 ) ei(fci), 

A =6 (fci — k 2 ) ( 2 ei(fci ) 2 + k\ (fci — 2 k 2 ) k 2 ) — (Aq — 2 fc 2 ) fee 2 (fci), 

At = - ei(fci) (3ei(fci ) 2 + k 2 (e 2 (fci) + 2k 2 - 8kik% + 3 k\k 2 )) + fcfef(Aq), 

Bi =2k± ( k 2 - fci), 

B 2 = (3fci - 2 k 2 ) ei(fci), 

B 3 = - ei(fci ) 2 - k 2 (e 2 (fci) + 2fcifc 2 (fci - fc 2 )) . 

Finally, we eliminate w 2 from (fill) and (fT?l) to get 

4 A Si (2AA (<5 2 - S|) + S 2 (d AS - 2 (Sf + 35) + A (<5 - Bf) 2 )) 

+A 2 (<5 - S 2 ) 3 - 45 2 (4S 2 (Aj (B\ - S) - 4AAAA + 4AjS 2 ) (13) 
+4A 2 Si [A 3 B 2 (<5 — S 2 ) + 2 A 4 S 1 (s| + <5)) + A 2 (<5 — S 2 ) ^ , 

where (5 = S| — 4 A S 3 . Next, we put Aj, S,; into the equation above to obtain 
a 14th degree polinomial 

14 

^Pj(fci,ei(fci),e?(fci),e?(fci))fc^ = 0 
3 = 0 

with the starting term Pi 4 = — 16384fc 2 ei(/ci). However, Remark 0] implies 
Pj (fci,ei(fci),e 2 (fci),ei(fci)) =Q J (k 1 ) 
for a function Therefore, we have 

14 

5 ~2Qj{ki)H = 0 . 

3=0 

Thus, k 2 is depending on only k±. Moreover, ((HJ) implies that k 3 is also depending 
on only k \. 

Case II. M is Lorentzian. In this case, we have e± = — 1 and (IBCI) gives 

— 3fci = k 2 + k 3 . (14) 

By a similar way, we obtain 

14 

£4(W = 0 

3 = 0 

for some functions Qj. Thus, k 2 and k 3 are depending on only k\. Hence the 
proof is completed. □ 
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Now, we have ei(kj) = 0 which implies ejei(fcj), i,j = 2,3. Therefore, the 
Codazzi equation e\{ki) = u>uifii){ki — ki) implies 

ei(uij(ej))=0. (15) 

Hence, wi 2 (e 2 ), wi 3 (e 3 ) are constant on any integral submanifold M of the dis¬ 
tribution D given by (Q. Let Ci,di are the constants given by 

dl = k 2 \jfr,d 2 = &3|m i Cl = w 12(C2)Im. c 2 = wi 3 (e 3 )|y f (16) 

and consider the local orthonormal frame field {/ 1 , / 2 ;/ 3 , fa} consisting of re¬ 
striction of vector fields e 2 ,e 3 ,ei,7V to M, respectively. Then, we have 

Lemma 2. / 3 and are parallel and the matrix representations of the shape 
operators Af 3 and Af t are 


A fs = diag(ci,c 2 ), A fi = diag(di, d 2 ), 
where Ci , di are the constants given by m- 
Moreover, we have 

Corollary 1. M has parallel mean curvature vector in Ef. 

In addition, if M has three distinct principal curvatures, then by combining 
ei(fc 2 ) = ej(fc 3 ) = 0 with the Codazzi equation 0 and taking into account 0, 
one can see that the connection form w 23 vanishes identically. Therefore, we 
have 


Lemma 3. If M is a biconservative hypersurface in Ef with three real, distinct 
principal curvatures, then the Levi-Civita connection V of M satisfies V j\fj = 
0, i,j = 1,2. Consequently, M is flat. 

We have the following proposition (see also [20, Lemma 4.2]). 


Proposition 1. Let M be a biconservative hypersurface with diagonalizable 
shape operator in Ef. Then, there exists a local coordinate system ( s,t,u ) such 


that 


d Id Id 

ds ’ 2 Ei dt ’ 3 E 2 du 


(17) 


Proof. Let D ^ be the distribution given by D ± (m) = span{e 3 | m }. Since D 1 - 
and D are involutive and D(m)®D^{m) = T m M, by using [19, Lemma in page 
182], we see that there is a local coordiane system ( s,t,u ) on M such that ei is 
proportional to ds and e 2 = e 3 = Let ( s,t,u ) be the coordinate 

system given in Remark [3] Then, the local coordinate system ( s,t,u ) satisfies 
the condition given in the proposition. □ 


Next, we obtain a local parametrization of biconservative hypersurfaces. 
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Proposition 2. Let M be a biconservative hypersurface with diagonalizable 
shape operator in Ef. If M has two distinct principal curvature, then it has a 
local parametrization 


x(s,t,u) = 4>(s)Q(t,u)+T(s) (18) 

for some vector valued functions 0,F and a function (f>. On the other hand, if 
M has three distinct principal curvature, then M has a local parametrization 

x(s,t,u ) = (fi (s)@i (t) + 4> 2 (s)0 2 (it) +r(s) (19) 

for some vector valued functions 0i, 0 2 , F and functions <f>i,(t> 2 - 

Proof. Because of (fl5l) . we have wi 2 (e 2 ) = a(s), ui 13 ( 63 ) = /3(s) . Therefore, 0 
implies 

V £2 ei = a(s)e 2 , V e3 ei =/?(s)e 3 . ( 20 ) 

Let x be the position vector of M and (s, t , u ) the coordinate system given in 
Proposition [TJ If M has two distinct principal curvatures, then we have fc 2 = fc 3 
which implies a = /3. Therefore, from (TT71) and (l 20 l) we have x s t = a(s)xt, x su = 
a(s)x u . By integrating these equations, we obtain (fT8)l . 

Now, suppose that M has three distinct principal curvatures. Then, from 
ED and (P2U1) we have 


x st = a(s)x t , x su = P(s)x u . 

By integrating these equations, we obtain ED. □ 

Lemma 4. Let M be a biconservative hypersurface in Ef with the diagonalizable 
shape operator and M the integral submanifold of the distribution D given by 
© passing through m G M. Then, if M has three distinct principal curvatures, 
then M is congruent to one of the surfaces given by 

(i) A Riemannian surface lying on a Euclidean hyperplane of Ef given by 

y(t,u ) = (1, t, B cosu, B sinu); 

(ii) A Riemannian surface lying on a Lorentzian hyperplane of Ef given by 

y[t , u ) = (j4cosht, Asinhf, u, 1); 

(in) A Lorentzian surface lying on a Lorentzian hyperplane of Ef given by 

y(t , it) = ( t , B cos u, B sinu, 1); 

(iv) A Lorentzian surface lying on a Lorentzian hyperplane of Ef given by 

y{t , u) = (Asinht, Acosht, it, 1 ); 
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(v) A Riemannian torus H 1 (— A 2 ) x § 1 {B 2 ) given by 

y(t,u ) = (Acosht, ylsinht, B cos u, B sin u) ; 

(vi) A Lorentzian torus §J(A 2 ) x § 1 (B 2 ) given by 

y{t,u ) = (Asinht, Acoshf, B cos u, B sin u) ; 

(vii) A Riemannian surface lying on a degenerated hyperplane of Ef given by 

y{t, u) = ( At 2 + Bu 2 , t, u, At 2 + Bu 2 ). 

On the other hand, if M has two distinct principal curvatures, then M is con¬ 
gruent to one of the surfaces given by 

(viii) A sphere S 2 (r 2 ) C E 3 C Ef; 

(ix) de Sitter space Sf (r 2 ) C Ef C Ef; 

(x) anti-de Sitter space H 2 (—r 2 ) C Ef C Ef; 

(xi) The flat marginally trapped surface y(t, u) = ( Aft 2 + u 2 ),t , u, A(t 2 + u 2 )). 

Proof. Let M be an integral submanifold of the distribution D and y the position 
vector of M. Consider the local orthonormal frame field {/i, f 2 ', f 3 , fi} on M 
given before the Lemma [2] We study the cases k 2 ^ k 3 and k 2 = k 3 separately. 
Case 1. First, assume that M has three distinct principal curvatures, i.e., 
Without loss of generality, we may assume £2 = £4 = 1 which gives 
£163 = —1. Then, we have 

V/j/i = —C 1/3 + £ 1 ^ 1 / 4 , V/j /2 = V/ 2 /i = 0, V h f 2 = e 3 c 2 f 3 +d 2 U, 

V/ 1 / 3 = -ci/i, \7 h U = -d 1 / 1 , V h f 3 = -c 2 f 2> V h f 4 = -d 2 f 2 

(21) 

because of Lemma U Since M is flat and V/ 4 /j = 0, there exists a local 
coordinate system (t, u) such that g = £\dt 2 + du 2 , f\ = d t and f 2 = d u , where 
V is the Levi-Civita connection of M. Thus, Vy 2 /i = 0 implies 

y{t, u) = a{t) + fl{u) (22) 

for some smooth vector valued functions a , ft. From m and (1221) . we obtain 

a'" = (ic 2 — £1 d\)a!, (23a) 

P"' = -(e 3 c 2 + d 2 )fl'. (23b) 

Moreover, since M is flat, we have 

£1 did 2 - CiC 2 = 0. (24) 
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Case la. E\ = — 1 , i.e., M is Lorentzian. In this case, (l? 51 ) implies 

a"' = u 2 a ( 25 a) 
P" = -ftp ( 25 b) 

for some positive constants v , 77. Since v = 77 = 0 implies that M is a plane 
which yields a contradiction, we have v 2 + ft ^ 0 . Thus, if v = 0 , then 77 ^ 0 . 
In this case solving C 5 l) yields that 

y{t, u) = t 2 r]i + trj 2 + cos(/zit)?73 + sin(/rit)7y4 


for some constant vectors 771, 772, 773, 774. By considering g = —dt 2 + du 2 , we 
obtain the case (iii) of the lemma. Similarly, the other possible subcases 77 = 0 , 
v p 0 and \iv p 0 give the case (iv) and the case (vi), respectively. 

Case lb. e\ = 1 , i.e., M is Riemannian. In this case, (l 23 l) implies 

a'" = (ic 2 — d\)a' , ( 26 a) 

ft" = (cg-d^f. ( 26 b) 

By taking into account ( 1 !H 1 ) . we see that, without loss of generality, we have 
four cases. 


2 j2 2 

c-l — d 1 = r' , 
C\ — d\ ^ 0, 
ci = d\ = 0, 
ci = di = 0, 



By integrating (l 26 l) for each cases separately, we see that M is congruent to one 


of the following surfaces. 


y{t,u) 

= cosh(z/t)77i + sinh(i/t)77 2 + 003(7777)773 + sm(fm)r]4 

( 27 a) 

y(t,u ) 

= t 2 rft + t{vt)r ]2 + m 2 7/ 3 + 77774, 

( 27 b) 

y{t,u) 

= cosh(z/t)?7i + sinh(7zi)?72 + u 2 r]3 + 74774 

( 27 c) 

y{t,u) 

= t 2 i 71 + tr]2 + 003(7777)773 + 3^(7777)774 

( 27 d) 


for some constant vectors 771,772,773,774. By a direct computation using g = 
dt 2 + du 2 , we obtain the case (v), (vii), (ii) and (i) of the lemma, respectively. 

Case 2 . Next, we assume that M is a biconservative hypersurface with 
two distinct principal curvatures. Then, the shape operators of M becomes 
A3 = C\I, Afi = d\I by the Lemma [ 2 ] Thus, M lies on a hyperplane II of M 
whose normal is the constant vector 77 = E^d\e^ — £40164. 

If II is non-degenerated, then M is isoparametric. Thus, we have the case 
(viii) or cases (ix), (x) subsect to being Euclidean or non-Euclidean of II, re¬ 
spectively. 

Now, suppose that II is degenerated, i.e., 77 is light-like. Then, we have ci = 
d\ . In addition, up to congruency, we may assume II = {(A, B, C, A)\A, B,C £ 
R}. Thus, M has a parametrization (/(t, u), t, u, f(t, u)). Since A3 = A4 = ciI, 
we have the case (xi) of the lemma. □ 
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3.1 Biconservative hypersurfaces with two principal cur¬ 
vatures 

In this section, we would like to deal with the biconservative hypersurfaces with 
two distinct principal curvatures. 

Theorem 1. Let M be a hypersurface in E^ with diagonalizable shape oper¬ 
ator and two distinct principal curvatures. If M is biconservative, then it is 
congruent to one of hypersurfaces 


x\(s, t, u) 
x 2 (s, t, u) 
x 3 (s,t,u) 

X 4 (s, t, u ) 


(/i(s), s cos t sin u, s sin t sin u, s cos u), (28a) 

(ssinhu sinf, scoshusinf, scosf, f 2 (s)), (28b) 

(scoshf, ssinht sin u, sinht cos u,f 3 (s)), (28c) 

^ s (t 2 + u 2 ) + s + / 4 (a), st, su, ^ s(t 2 + u 2 ) + / 4 (s)^(28d) 


for some smooth functions fi, f 2 , fs, f 4 ,- 

Proof. Let M be a biconservative hypersurface in Ef with the parametrization 
given by (1151) for some vector valued functions 0,r and a function cj>. Now, 
consider the slice M of M given by s = so passing through m = x(so,to,uo). 

Obviously, it is an integral submanifold of the distribution D given by Q. Then, 

M is one of four surfaces given in Case (viii)-(xi) of Lemma 0] 

First, assume that M is a sphere. In this case, up to isometries of Ef, we may 
assume the position vector of M is y(t, u) = x(so,t,u) = (1, A cost sin u, A sin t sin u, A cos it). 
Then, (fl8l) implies 


CiO(t, it) + C2 = ( 1 , cost sin it, sin t sin it, cos it) 


for a constant c\ and constant vector c 2 . By solving O from the above equation 
and using m, we obtain M is the hypersurface given by (128al) . 

Analogously, if M = §f(r 2 ) or M = Hf(—r 2 ), we obtain M is the hypersur¬ 
face given by (128bl) or (128cl) . respectively. 

On the other hand, if M is congruent to the flat marginally trapped surface 
given in the Case (xi) of Lemma |4l then, up to isometries, we may assume 

x(sq, t , u) = y(t, u) = (A(t 2 + n 2 ), t, u, A(t 2 + w 2 )) . 

By combining this equation and (1181) we obtain 

ci©(£, u) + c 2 = ( A(t 2 + u 2 ),t, u, A(t 2 + it 2 )) , 

where c\ = 4>(sq) and C 2 = F(so)- Therefore, we may assume 

©(£, u) = (A'(t 2 + u 2 ) + Ci, t + C 2 , u + C 3 , A\t 2 + u 2 ) + C A ) 

for some constant A', Ci. Next, we put this equation into (fl8)l to get 

x{s, t, u ) = (^(s)(£ 2 + u 2 ), t, u, <j){s){t 2 + u 2 )) + f (s) 
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for a smooth function <f >i and smooth vector valued function T. By taking into 
account that the vector fields d s ,d t ,d u are orthonormal and re-defining the 
coordinate s properly, we obtain <j6(s) = ^ s and f(s) = (s + / 4 (s), 0,0, / 4 (s)). 
Therefore, we obtain the surface given by (|28dl) . Hence, the proof is completed. 

□ 


By the following proposition, we would like to prove the existence of bicon¬ 
servative hypersurfaces with two distinct curvatures. 

Proposition 3. Let M be the hypersurface given by II 28 all in Ef. Then, M is 
biconservative if and only if either M is Riemannian and 


S 



(29) 


or it is Lorentzian and 



Cl 

Vcl~t 4/3 


dC 


(30) 


Proof. By a direct computation one can obtain that the principal directions of 

M are ei = —= 1- d s , e 2 = -dt, e 3 = -d u with the corresponding principal 

) s s 

curvatures 


ki 


eif" 


k2 = &3 


f’l 

s V £ i(! - fi 2 Y 


where E\ = (ei, ei). Let M be a biconservative hypersurface, i.e., (IBCD is satis¬ 
fied. 

First, assume that M is Riemannian, i.e., e = 1. Then, from (IBCI) we have 
k\ = 2k 2 which implies 

fi 2 

m-tf) s 

whose general solution is (1291) . 

Next, assume that M is Lorentzian, i.e., e = —1. Then, (TbcIi implies 
— 3k\ = 2k 2 from which we have 


-3 f'{ 2 

f[( l - fi) s’ 

By solving this equation, we obtain (l30l) . 

Hence, the proof of necessary condition is completed. The converse follows 
from a direct computation. □ 
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3.2 Biconservative hypersurfaces with three principal cur¬ 
vatures 


In this subsection we obtain the classification of biconservative hypersurfaces 
with three principal curvatures. First, we want to present an example by the 
following proposition. 

Proposition 4. Let M be a hypersurface in Ef given by 


c(s, t, u) = |^-s(f 2 + u > + au2 + s + st, (s + 2 a)u, 
i s(t 2 + u 2 ) + au 2 + , o / 0. 


(31) 


Then, M is biconservative if and only if either M is Riemannian and 


4>{s) = ci(\n(s + 2a)-\ns-- -) ~ | (32) 

\ s s + 2a J 2 

or it is Lorentzian and 

S 

<i>(s) = c 1 J (£(£ + 2a)) 2/3 d£-|, (33) 

So 


where c\ 0 and sq are some constants. 


Proof. By a direct computation, one can obtain that the principal directions of 
M are 


ei 


y/ei(-24/-l) da ' 62 


e3 = 


2a 


and the unit normal vector of M is 


1 ^ t 2 +u 2 

~ v 'ei(-2^- 1) V 2 




By a simple calculation, we have 

V ei ei = Cei + !)> 

V e2 e 2 = -(1,0,0,1), (34) 

s 

Ve 3 e 3 = ^ r ( 1 ,0,0, 1 ) 
s + 2a 

for a smooth function 

Riemannian Case. If M is Riemannian, then we have e± = 1. In this case, 
M is biconservative if and only if equation k± = &2 + /c 3 is satisfied. Thus, we 
have 

<f" _ 1 1 

(2 (f>' + 1) s + s + 2a 
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whose general solution is 

</(s) = ci fln(s + 2a) - Ins - -- ~ ^ + c 2 , 

\ s s + 2a J 2 

where Ci, C 2 are constants. Note that, up to congruency, we may assume C 2 = 0. 
Thus, we have (13^1) . 

Lorentzian Case. If M is Lorentzian, then we have E\ = — 1 and M is 
biconservative if and only if — 3fci = ^ 2+^3 which implies 

Z<j>" _ 1 1 

2 (J> f -f -1 s s T 2 a 

whose general solution is the function given in (1331) . □ 

Next, we obtain the following classification theorem of biconservative hyper¬ 
surfaces with three distinct principal curvatures. 

Theorem 2. Let M be a hypersurface in with diagonalizable shape operator 
and three distinct principal curvatures. Then M is biconservative if and only if 
it is congruent to one of hypersurfaces 

(i) A generalized cylinder Mq x E} where M is a biconservative surface in 
E 3 ; 

(ii) A generalized cylinder x E 1 where M is a biconservative Riemannian 
surface in E 3 ; 

(Hi) A generalized cylinder Mf x E 1 , where M is a biconservative Lorentzian 
surface in Ef ; 

(iv) A Rimennian surface given by 

x(s,t,u) = (scoshf, ssinhf, /1 (s) cos u, f± (s) sin u ) (35) 


for a function f\ satisfying 


n 


fi 2 -1 


flfi+S . 

sfl 


(36) 


(v) A Lorentzian surface with the parametrization given in flI>D for a function 
fi satisfying 

—3/" fif[+s 
f? - 1 sh ’ 

(vi) A Rimennian surface given by 


x(s 7 t,u) = (ssinht, scosht,/ 2 (s) cosrt,/ 2 (s) sinrt) (38) 


for a function /2 satisfying 



M±£. 

s/2 
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(vii) A surface given in Proposition ^ } 

Proof. Consider a biconservative hypersurface M with three distinct curvatures 
and assume that the functions k\ — A: 2 , k\ — k% and fc 2 — are non-vanishing 
in M. Let M be the integral submanifold of the distribution D given by 0 
passing through m = x(so,to,wo) G M, where x is the parametrization of M 
given in m- Then, M is congruent to one of the surfaces given in case (i)-(vii) 
of Lemma [I] 

Case 1. M is congruent to one of the surfaces given in the case (i)-(iv) of 
Lemma [|] In this case, by a direct computation one can see that one of the 
principal curvatures of M vanishes identically. Therefore, we have case (i)-(iii) 
of the theorem. 

Case 2. Let M be congruent to the surfaces given in case (v) of Lemma [I] 
Then, we may assume x(so,t,u) = y(t,u) = (Acosht, Asinht, Bcosu, Bsinu). 
By combining this equation and (1191) . we have 

Ci0i(t) + c 2 (s)0 2 (w) + C 3 = (Acosht, Asinhf, B cos u, B sinw), (39) 

where ci = 4>i(sq),C2 = </> 2 (so) an d C 3 = T(so). By redefining </>i,0 2 ,T suitable, 
from (1351) we obtain 


0 i (t) =(cosht, sinht, 0 , 0 ), 
0 2 (u) =( 0 , 0 , cos u, sinu). 


(40) 


Therefore, (1151) implies 

x(s,t,u) = (0i(s)cosht, (jii(s)sinht, 0 2 (s) cos u, ^ 2 ( 5 ) sinu) + T(s). 

By a further computation considering that d s ,dt,d u , we see that T is a constant 
vector which can be assumed to be zero up to a suitable translation. By using 
the inverse function theorem, we assume (f>\ (s) = s and <j >2 (s) = fi(s) for a 
smooth function /. Hence, we have (l35l) . 

A direct computation shows that the principal curvatures of M are k\ = 


efi 




k2 = 


f'l 


and kz = 


1 


where e = 1 or 


sV £ (fi 2 - !) V £ (fi 2 - !) 

£ = —1 if M is Riemannian or Lorentzian, respectively. Note that if M is 
Riemannian or Lorentzian, then from (Eel) we have k\ + = &3 or k\ + = 

— 3 /^ 3 , respectively. Thus, we have (1551) or (1371) . Hence, we have obtained the 
case (iv) and the case (v) of the theorem. 

Case 3. Let M be congruent to the surfaces given in case (vi) of Lemma [4] 
By a similar way to previous case we obtain the case surface given by (1381) for a 
smooth function / 2 . A direct computation shows that the principal curvatures 


of M are k\ = 


/: 


fc 2 = 


& 


and k$ = 


1 


V (f'2 +1) 3 s V (f'2 +1) V U2 +1) 


and M 


is Riemannian. Since M is Riemannian, we have k\ + fc 2 = ^3 which gives the 
case (vi) of the theorem. 


15 
















Case 4. Let M be congruent to the surfaces given in case (vii) of Lemma 
[4] In this case, without loss of generality, we may assume x(so,t,u) = y(t,u). 
Therefore, from (flTH) we have 

0i( s o)0i(O + 02(^o)® 2 (n) + r(sg) = (At 2 + Bu 2 , t , u, At 2 + Bu 2 ). 


Thus, we get 


0i (t) 


02 (u) 


1 


01 Oo) 

1 

02(so) 


(Hi 2 + ci, t + C2 , C 3 , At 2 + C4), 

(. Bu 2 + di, c? 2 , u + c/ 3 , Bu 2 + d 4 ) 


(41a) 

(41b) 


for some non-zero constants Ci,<0. By combining (1411) with (1191) we obtain 

x(s, t, u) = (Ai/jit 2 + Bijj 2 U 2 , 0i t, 02«, Aifit 2 + S02W 2 ) + f (s) (42) 

for a smooth vector valued function T = (Ti,..., T 4 ) and some smooth functions 
0i(s),02(s). However, ( x s ,x s ) = ei, (x s ,x t ) = (x s ,x u ) =0 give 

0'i 2 t 2 + 0^u 2 + (r , ,r , ) + 2(H0it 2 + H0 2 M 2 )(fi-f;) + 0 1 r^ + 02r( i u = e u 

0i*(0i + 2A(f' 4 - f')) + 0iT' = 0, 
0 2 M(02 + 2H(f^-f , 1 ))+0 2 r( s = 0. 


Therefore, we have 

(fi-f 4 )^0, 0i = 2H(fi-f 4 )+ai, 0' = 2B(fi - f 4 ) + o 2 


for some constants ai,a 2 and, up to a suitable translation, we may assume 
T 2 = T 3 = 0. Then, we obtain a parametrization of M as 

x(s, t, u ) = (2(f i — f 4 )(A 2 t 2 + B 2 u 2 ) + Aa\t 2 + Ba, 2 U 2 + f i, 2H(f i — f 4 )t + ait, 

2B(f i - f 4 )u + a 2 u, 2(f i - f 4 )(H 2 f 2 + B 2 u 2 ) + Aa x t 2 + Ba 2 u 2 + f 4 ). 

(44) 

Note that if AB = 0, then by a direct computation one can see that one of the 
principal curvatures vanishes identically on M. In this subcase, we obtain 

X(s, t, u) = ^st 2 + S + 01, St, - St 2 + 01, 

which gives the case (ii) or case (iii) of the theorem. Thus, we assume A ^ 

0,B ^ 0. 

Next, we define new coordinates ( s,t,u) such that s = Ti — T 4 + ai/2 A, 
t = 2 At, u = 2 Bu. From (1441) we obtain a parametrization of M as given in 
m for a costant a which is non-zero because M has three distinct principal 
curvatures. Hence, we have the case (vii) of the theorem. 

Hence, the proof of necessary condition is completed. The converse follows 
from a direct computation. □ 


Remark 5. For the explicit parametrization of hypersurfaces given in case (i)- 
(iii), see the complete classification of biconservative surfaces in E 3 and E 3 
which are given in m, m and ni- 
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